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Abstract. We prove the existence of global solutions to the Cauchy problem 
for noncommutative nonlinear wave equations in arbitrary even spatial dimensions 
where the noncommutativity is only in the spatial directions. We find that for exis- 
tence there are no conditions on the degree of the nonlinearity provided the potential 
is positive. We furthermore prove that nonlinear noncommutative waves have in- 
finite propagation speed, i.e., if the initial conditions at time have a compact 
support then for any positive time the support of the solution can be arbitrarily 
large. 
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1 Introduction 



Classical solutions to the static equations of field theories in noncommutative spaces 
have been studied in some detail in recent years. Most of these theories are defined 
in the Moyal plane, its higher dimensional generalizations or on the fuzzy sphere. 
Explicit solitonic solutions have been found in various gauge theories, sec, e.g., 
[1, 2, 3, 4, 5] as well as in scalar field theories [6, 7, 8] at infinite noncommutativity 
where the existence theory for finite noncommutativity is now rather complete [9, 
10, 11, 12] especially for the rotationally invariant case. For general background and 
reviews of noncommutative field theory we refer to [13, 14, 15]. 

Some time dependent solutions to noncommutative field equations have been 
found in gauge theories and sigma models, see, e.g., [16, 17, 18, 19, 20, 21, 22], and 
also by boosting static solutions in scalar field theories [23]. The main purpose of 
this paper is to study the initial value problem for nonlinear wave equations in odd 
dimensional noncommutative Lorentzian spaces with the noncommutativity in the 
spatial directions only. We prove the existence of global solutions for a large class of 
initial conditions provided the nonlinear term in the wave equation is the derivative 
of a positive polynomial which vanishes to second order at zero. We do not need to 
impose any conditions on the degree of the nonlinearity. This is in stark contrast 
with the classical case where the existence theory depends strongly on the dimension 
of space as well as the nonlinearity [24]. 

Our existence results are obtained by adapting the standard theory of evolution 
equations in Banach spaces, see, e.g., [25, 26] and references therein, to the setting 
of noncommutative wave equations. The arguments presented in this paper can be 
generalized to nonpolynomial nonlinearities, e.g., entire functions. 

We analyse the support properties of the solutions and show quite generally that 
the support is arbitrarily large in all spatial slices at positive times even though the 
initial data at time have compact supports. Again this is qualitatively different 
from classical nonlinear waves which always have a propagation speed equal to that 
of the corresponding linear equation [24]. On the other hand, it should be noted that 
the noncommutative wave equation under consideration is not Lorentz invariant, 
since a specific choice of spatial slicing of Minkowski space is assumed. 
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2 Existence of Solutions 



Let denote the Laplacian in R^'^. For simplicity we choose the nonhnear term in 
the wave equation to be a polynomial F. We assume F{s) = V'{s) where V{s) > 
for all s ^ 0, 1/(0) = V'{0) = but V"{0) > 0. We study wave equations of the 
form 

{d^-V')ip{t,x) + F,{ip){t,x) = 0, (1) 

where F^{(f) is defined by replacing the ordinary pointwise product of functions by 
the standard star product for functions on R^*^, i.e., 

N 

i^*M = Ecn^*", (2) 
n=l 

if F{s) = J2n=i CnS" and </?*"■ denotes the n'th *-power of (p. The star product of 
two functions / and g is defined by 



/ i d d \ 
{f*g){t,x) = exp ( -2®*i^^ 1 /(^' ?/)^(^' ^) 



(3) 

y=z=x 



where © is a nondegenerate antisymmetric 2d x 2d matrix. A more enlightening 
formula for the star product, which clearly exhibits its nonlocal character, is given 

by 

if*9)it^^) = J^aJf(^^^ + l^P)9it,^ + yy''dpdy (4) 

which can be obtained from (3) by Fourier transforming. 

We are interested in real valued solutions (p to Eq. (1). We will assume for sim- 
plicity that the noncommutativity matrix © is a direct sum of d 2 x 2 antisymmetric 
matrices 

(-:;)■ 

times a positive noncommutativity parameter, denoted 9. Our results are, however, 
valid for arbitrary non-degenerate antisymmetric ©. 

It is convenient to apply the Weyl quantization map to the wave equation and 
then, with our conventions, it takes the form 

d^<P{t) + 29-' [ak, <P{t)]] + F{<p{t)) = 0, (5) 

k=l 
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where (pit) is a self-adjoint operator on L^(R'^) and the operators al and are d 
independent pairs of raising and lowering operators whose explicit form can be taken 
to be 

where ^fe, k = 1, . . . , d, are the coordinates in R'^. The relation between a function 

If on R^'^ and the corresponding Weyl operator 7r((/)) = on L^(R°') is given by 

^ J ^{wi, W2d) exp I i J2{w2j-iij + W2jPj) J dw, (7) 



where and pk are the position and momentum operators corresponding to the 
raising and lowering operators al and and (f denotes the Fourier transform of 
(fi. The Weyl map is in fact an algebra isomorphism from L^(R^'^) (with the star 
product) to the space of Hilbert-Schmidt operators on L^(R'^) and takes real valued 
functions to self-adjoint operators. 

The collection of all Hilbert-Schmidt operators on L^(R'^) forms a Hilbert space, 
denoted Ti.^, with inner product 

{A,B)2^Tr{A*B). (8) 

We define a self-adjoint operator A on by 

ATT{ip) = 7r(VV) (9) 

and it is easily checked that 

A0 = -2X:K,k,0]]. (10) 

k=l 

Its domain is X>(A) = {niip) : ip, VV e L'^i'Rf^)}. 

It is convenient to write the wave equation as two first order equations in t: 

dtcf>i = 02 (11) 
dth = A0i-^F((/)i). (12) 

Here we have also rescaled the time variable by Writing 



for ordered pairs of operators, and defining 

we can write the wave equation on the form 

dt^ = -iA^ + ej{^), (15) 

where A is a hnear operator acting on pairs of operators. 

Wc now prove existence of solutions to (15) using standard mchods from the 
theory of nonhnear evolution equations which can also be used to deal with ordinary 
nonlinear wave equations, see [25, 26]. First let us note that we can replace the 
operator A in (15) by A — m^, m > 0, by adding a compensating linear term to 
F and the modified F is still the derivative of a positive polynomial, provided m is 
small enough. Define a self-adjoint operator B on by 

S = (-A + m2)V2. (16) 

Then B > m and we define the space 7i^'^ as the set of operators (f) G Ti^ for which 
B(f) e H'^. Let H = © H"^ and define an inner product (• ,■) onH by 

(( ) , ( )) = Wl,5V^l)2 + (02,V'2)2. (17) 

With this inner product is a Hilbert space and the operator 



D 



/ 
-B^ 



is a self-adjoint operator on H with domain T>{D) — D(A) ® We can now apply 
the following theorem. 

Theorem. Let T be a self-adjoint operator with domain ViT) on a Hilbert space H 
with norm \\ • \\ and N : T>{T) i-^ T>{T) a mapping such that the following conditions 
hold for any (f),ip & T>{T) : 

(t) \\Nm\<c,m\m\ 

(u) \\TNm<c2m\)\\m 

(Hi) \\N{ct>)-Nm<cMm)u-n 



(zv) ||T(iV(<^)-A^(^))|| <C4(||0|U|^||,||T0||,||T^||)||T0-T^|| 

where the constants Cj, j — 1,2,3,4, are increasing functions of the norms. Then, 
for any (po £ VlT) there exists to > and a unique continuously differentiable family 
of vectors {0(^)}o<t<to ^ 'E'(T') such that 

dt4>{t)--iTm + N{(t>{t)) (19) 

and 

m - (20) 

// ||0(t)|| is hounded by a constant independent oft then one can take tg — oo. 

A proof of this theorem can be found in [26]. The basic step is to convert the 
differential equation (together with the initial conditions) into the integral equation 

0(t) = e-^*'^0o + r e-'^'-'^^N{cj>{t)) ds. (21) 
Jo 

It is quite straightforward to verify conditions {i)-{iv) for N = 9J, T = D and the 
Hilbert space 7i that we defined before. The uniform bound on the norm of the 
solution is obtained from the conservation of energy. 

For illustration we verify (i) and {iv) leaving the others, which are similar, to 
the reader. Let us denote the norm on the space of Hilbert-Schmidt operators by 
II • II2. Then we have for the norm || • || on 7i 



and clearly 



l\\f = mAi+\\ui (22) 



1^ u: (23) 



For {i) we therefore need to show that 

||F(0l)||2<Ci(||S(/)i||2)||S0i||2. (24) 

Since F is a polynomial it suffices to verify the inequality (24) for the case F{s) — s" 
and this follows from 

II01II2 < ||0l||^ 

< (rn-^\\B<t>4r') Wih- (25) 



For condition (iv) it is again enough to consider the case when F is a monomial. 
With F as before we have 



and 



so we need to show that 

||i?(0?-A")||2<C^||i?'(01-^l)||2, (28) 

where the constant C is an increasing function of the norms as stated in the Theorem. 
Let us define operators on Ti^'"^ by 

[afe,(/)], (29) 
ior k — 1, . . . ,d. The operators are derivations and 

d 

-B^ + ^ -2j2AlAk. (30) 

fe=i 

We can write ^ 

i=0 

so in order to estabhsh (28) it suffices to estimate 

115(01(01 -^i)^i)||^ = ml01(0i -^i)V^l)ll2 + 2i: P^('/'l('/'i -^i)V''i)ll2 (32) 

k=l 

with i + j = n — 1. The first term on the right hand side above is bounded by 

^-l'/'l||2il^l||2^l|5'(</'l-V'l)||^ 

SO it suffices to consider the second term. We have 

+ii0iiriiA,(0i - v^oiyiV'iip + i ii0iiiii0i - M \\AM\ mr'. m 

Since 

WAkXh < WBxh (34) 



for A; = 1, . . . , d and any x the domain of B the desired result follows easily by 
summing over k. 

It follows from the differentiability of the solution 

- ( 3% ) 
and the equation of motion that the energy 

E{t)^T^(Y,W,ct>,{t)\[ct>,{t),al\ + l{dMt)f-reV{ct>^{t))^ (36) 

is independent of t. Since V{x) > \m'^x^ for real x it follows that, for £ > 
sufficiently small, we have 

E{t)>e\m)r (37) 

provided ^{t) is self-adjoint, which is the case if the initial conditions are self- 
adjoint. Thus, we have proven that all solutions to Eq.(l) with real initial data 
(^(0, •) e P(V2) and dt^piO, •) e L2(R2<^) are global. 

We remark that the estimates above for the noncommutative case are in general 
not valid for the corresponding classical (commutative) nonlinear equations. For 
example, the Sobolev inequality needed to establish the conditions (i)-(iv) in the 
classical case is valid for arbitrary polynomials F ii d = 1, whereas for > 2 it 
only holds for linear F . Star powers of functions are more regular than ordinary 
powers of functions. Roughly speaking, the local singularities of the star product 
of two functions are no worse than the singularities of the individual functions. 
We will discuss this in more detail in the following section. It follows from this 
enhanced regularity that the existence problem for nonommutative nonlinear waves 
is mathematically similar to the existence problem for nonlinear waves in the case 
where space has been replaced by a discrete lattice. 

3 Infinite Propagation Speed 

In this section wc show that in general the diameter of the support of a solution to 
the noncommutative wave equation increases in time with infinite speed. By support 
we here mean the support of the function which corresponds to the operator under 
the Weyl map. 
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We first note that the solutions whose existence was estabhshed in the preceding 
section can be written 

(f)(t) = (costBU(0) + (B-^ sintB)dM) - 6 B-^sin((t - s)S)F(0(s)) ds (38) 

Jo 

by using (21) and the expression 

_ ( COS tB B-^sintB 
^ ~ \ -BsintB costB 

for the hnear time development operator acting on H. Let (p{t, •) be the function 
corresponding to (f)(t) under the Weyl map, let g{t, ■) correspond to 

X(t) = (cos iS)0(O) + (B-^ sin tB)dt(j)(0) (40) 

and let h{t,-) correspond to 

ip(t) = e t B-^ siniit - s)B)FUis)) ds. (41) 
Jo 

Then is a solution to the linear wave equation and the support of g is contained 
in the ordinary causal future of the union of the supports of </7(0, •) and dt(fi{0, •) 
by the Huygen's principle for solutions to linear wave equations. We are therefore 
interested in studying the support properties of /i(t, ■). 

We note that (j){t) — > (j)o and hence also F{(j){t)) F{(j)Q) as t ^ where the 
convergence is in Hilbert-Schmidt norm. Since the operator (tB)~^ s\n{tB) converges 
strongly to the identity operator / as t — > and is uniformly bounded in norm it 
follows from Eq. (41) that 

\m)-\t'OF{ct^o)h = o{e) (42) 

as i ^ 0. It follows that the relevant support properties of h{t, ■) for small t are 
determined by those of F*((/?o) where 0o = T^i'^o)- Suppose that (/?o is smooth with 
a compact support Sq and assume that we can show that the support of F^{ipq) is 
strictly larger than in the sense that there is a closed ball U disjoint from 5*0 
with 

j^\F^{^o)\'^dx = A>Q. (43) 

Then, by Eq. (42), we have 

I \hit,x)\^dx>-eeA + oie) (44) 
Ju 2 
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and h(t, ■) is nonzero on a subset of U of positive measure for all t small enough. 
Evidently this proves that the propagation speed is infinite for the initial values 
(p{0, •) = (fo and dt^p{0, ■) smooth with support in Sq. 

It remains to demonstrate that the support of F^{'.po) is in general strictly larger 
than that of (fQ. The support properties of star products of functions are simply 
reflected in the algebra of star products of 5-functions and their Fourier transforms. 
We define the distributions D{a), E{f3) for a, P e R^'^ by 

D{a) = 7r% and E{(3) = e-'^®^^'-) (45) 

where 5a is delta function supported at a and © is the skew symmetric quadratic 
form on R^'' entering Eq. (3) 

e{a,P)^eijaiPj . (46) 

By a straightforward computation, using (4), one finds 

D{a)*D{P) = e^'^^'^'^^Eia- (3) (47) 

D{a)*E{f3) = e2'®("'^)D(a - /5) (48) 

E{a)*D{(3) = e-2*®("'^)L>(a + /?) (49) 

E{a)*E{(5) = e-'^®('^'^)£;(Q; + /3). (50) 

The Weyl map can in fact be extended to distributions using (4) and one can show 
that the star product of two tempered distributions is again a tempered distribution 
provided they are sufficiently regular or one of the two distributions has a compact 
support. 

We can write 

/ = / f{oi)5ada (51) 

for a function / on R*^ so 

{f*f){x) = TT-^'^ //(«)/(/3)(D(«)*D(/3))(x)darf/3 



TT-'^y /(a)/(/?)e2*®(°'^)e2'®("-'''^) dad(5 

'"^ ( f{a + /5)/(/3)e2^®(°'^) d(5 e^^®^"'^) da. (52) 



If / is, say, continuous with compact support, it follows from the last expression 
that / * / is the Fourier transform of a function with compact support and therefore 
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an entire analj^ic function. In particular, its support is R^'^ unless / = 0. A similar 

argument shows that all even star powers of / are analytic if / has a compact 
support. 

Let us now discuss odd star powers and concentrate on the third star power for 
simplicity. We find as before that 

{f*f*f){x) = T^-^' j f{a)f{P)f{^){D{a)*D{f5)*D{^)){x)dadM^ 

= Tr-^*^ j /(Q;)/(/3)/(7)e^*®(^'^)e2^®("'^-T)L>(x - a + /? - 7) dad(5d^. 

(53) 

from which it follows that the support of / * / * / is contained in 

+ -7 : q;,/3,7 e supp/}. (54) 

In particular, if the support of / has diameter the support of /*/*/ has diameter 

R! < 3R. (55) 

In the case of, say, a quartic potential with a nonzero cubic term, i.e., 

F{s) = V'{s) = as^ + bs^ + cs , (56) 

where 6 7^ 0, we have therefore proven infinite propagation speed. 

For generic functions / we have an equality in (55). Here, we will not elaborate on 
the detailed conditions under which this is valid. It suffices to consider an example 
which demonstrates infinite propagation speed in the case 6 = in Eq. (56). Let 

f^D{a) + D{-a), (57) 

where a e R^*^ has Euclidean norm |a| = R/2 such that the support of / has 
diameter R. It is easy to see that 

f*f*f = 3{D{a) + D{-a)) + D{3a) + D{-3a) (58) 

which has support diameter R' — 3R. Similarly, / raised to the {2n + l)st star 
power will contain delta functions at ±(2n+ l)a. In order to get an example where 
/ is a smooth function, let d^ be two sequences of nonnegative smooth functions on 
R^'^ with d^ supported in a ball of radius 1/n around ±0; and such that 

Jd^{x)dx^l. (59) 
11 



This ensures that 

f^ = n''{d^ + d-) (60) 
is smooth and has a support diameter Rn < R + 2/n. Furthermore, 

fn^f = D{a) + D{-a) (61) 

in the sense of distributions. It is easily seen from (53) that 

fn* fn* fn^ f * f * f (62) 

and hence the support diameter of fn*fn* fn converges to 3R as n ^ oo. A 
similar argument allows one to determine the support of arbitrary odd star powers 
of compactly supported functions. 

4 Discussion 

We have proved the existence of global solutions to the initial value problem for 
noncommutative nonlinear wave equations whose non-linear term is the dervative of 
a positive interaction potential and with noncommutativity in the spatial directions 
only. The existence theory is quite simple and independent of the nonlinearity and 
the (even) dimension of space. 

We have shown that the speed of propagation is infinite, meaning that the sup- 
port of the solution is arbitrarily large at positive times given that the support of the 
function and its first time derivative are compact at time 0. The part of the solution 
which travels at infinite speed is proportional to the noncommutativity parameter 

e. 

We have discussed only real solutions, but the arguments can be extended to 
cover complex wave equations such as 

d^<P{t) + 29-' J2K^ i^k, m] + <P{t)F{\<P{t)\') = , (63) 
fc=i 

in operator form, where |0(t)P = (f){t)*(f)(t) and the function F is the derivative of a 
polynomial V{s) that is positive for s > and vanishes linearly at s = 0. 

We can use the formalism set up in this paper to study scattering of noncom- 
mutative waves and this will be the subject of a forthcoming publication. It will 
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be interesting to see whether this scattering theory can be used to analyse the scat- 
tering of noncommutative sohtons and whether the results on soliton scattering at 
large obtained in [7, 27, 28] can be proven rigorously. 
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